Abstract. We propose a family of sequences, a 1 a 2 : : : a kn , of length kn for all positive i n tegers n and k. A p e r m utation a 1 a 2 a 3 : : : a kn of 0 1 2 ::: k n; 1 i s a n ( n k)-sequence if a s+d ; as 6 a t+d ; at (mod n) for every s t and d such t h a t 1 s < t < t +d kn and such that b a s+d n c = b as n c and b a t+d n c = b at n c, where bxc is the integer part of x. We show that such a sequence exists whenever kn + 1 is an odd prime, and exhibit all \essentially distinct" (n 2)-sequences f o r n 10. Furthermore, we demonstrate that whenever an (n k)-sequence exists then there exists an n kn \Vatican array" having cyclic columns. This achieves approximately 1=k times the upper bound on the number of Vatican rows on kn symbols. Vatican arrays nd applications to various multi-user communications e n vironments such a s m ulti-user radar and sonar, ber-optic CDMA networks, and frequency-hopping m ultiple access communications.
Introduction
Consider the sequence 0 1 4 6 5 3 7 2 o f l e n g t h 8 ( a i for 1 i 8) and its di erence triangle shown in Fig. 1 , where the di erence a j ; a i (mod 4) for 1 i < j 8 is calculated whenever a i a j < 4 o r a i a j 4. We designate such a pair (a i a j ) as \comparable." A in the triangle represents an incomparable situation. Observe that in any r o w of this triangle the di erences are all distinct mod 4. We call this sequence a 1 a 2 : : : a 8 a \(4 2)-sequence," or a \sequence with parameters (4 2)."
More generally, w e can de ne \comparability" of a pair (a i a j ) t o m e a n t h a t t h e integer parts of both a i =n and a j =n are the same.
De nition 1.1. Let a 1 a 2 : : : a kn be a permutation of 0 1 2 : : : k n ; 1. Let (a i a j ) be called a \comparable pair" if ba i =nc = ba j =nc, where bxc is the integer 0  1  4  6  5  3  7  2  1  2  3  1  2  3  1  2  3  3 1 2 Figure 1 . Di erence triangle (mod 4) of the sequence 0 1 4 6 5 3 7 2. part of x. Then, a 1 a 2 : : : a kn is called an \(n k)-sequence" if a s+d ; a s 6 a t+d ; a t (mod n)
(1) for every s t and d such t h a t 1 s < t < t + d kn and such t h a t ( a s+d a s ) and (a t+d a t ) are comparable pairs.
In Section 2 we will prove that when kn + 1 = p > 2 is a prime, there exists a construction for such a sequence a 1 a 2 : : : a kn . This construction reduces to the \log-Welch construction" Gol84, G T 8 4 ] for singly-periodic Costas sequences of length p ; 1 w h e n k = 1 and p = n + 1 is a prime.
From the (4 2)-sequence shown in Fig. 1 , one can construct the following 4 8 array V of 8 symbols in which the top row i s a 1 a 2 : : : a 8 and the columns are cyclic shifts of either 0 1 2 3 o r 4 5 6 7, as shown in Fig. 2 . The array V has the two properties that (1) each r o w is a permutation of 0 1 2 : : : 7 a n d ( 2 ) f o r a n y two symbols a and b and for any i n teger m from 1 to 7 there exists at most one row in which b is m steps to the right o f a. A k n array which satis es these properties is known as a \Florentine array." Further, the array V is actually a \Vatican array," which is de ned to be a Florentine array s u c h t h a t n o t wo s y m bols are the same in any column. V = 0 1 4 6 5 3 7 2 1 2 5 7 6 0 4 3 2 3 6 4 7 1 5 0 3 0 7 5 4 2 6 1 Figure 2 . A 4 8 V atican array h a ving cyclic columns. Florentine and/or Vatican arrays (or squares) were extensively studied in GT85, EGT89, GET90, Etz90, Song91, T ay91, Song92]. These combinatorial structures have a wide range of applications in communications engineering: design of frequency hopping patterns for multiple-access communications environments LG74, Maric92, McE81, SD84, Sea82, Song92, S R G93, T ay91], design of radar and sonar arrays for improved range-Doppler measurements GT82, Maric92] , and design of modulation signals for optical PPM modulations GRT87, SD83]. They also nd applications in the area of design of experiments Bug49, GT85, Song91, W i l 4 9 ] and in extremal graph theory such as edge-decompositions of complete directed graphs Etz90, EGT89, GET90, Men68, Song91, Til80].
In EGT89, GET90], the polygonal-path construction for Florentine squares is introduced, in which the columns are cyclic shifts of each other. It was also proved that a polygonal-path Florentine square of size n n exists if and only if there exists a \singly-periodic Costas array" of size n n, or equivalently, a singly-periodic Costas sequence of length n (which i s a n ( n 1)-sequence in our terminology). Similarly, w e will prove in Section 4 that if there exists an (n k)-sequence of length kn then we can construct an n kn Vatican array and hence an n (kn+1) Florentine array.
This paper is organized as follows: In Section 2, our main theorem on the construction for (n k)-sequences (whenever kn+1 is a prime) is proved. Some necessary conditions for the existence of (n 2)-sequences are proved. In Section 3, some transformations of (n 2)-sequences are discussed and computer search results for those of length 2n for n = 1 2 : : : 10 are presented with a brief sketch of an algorithm which has been run to conclude that no (10 2)-sequence exists. (This took about 100 hours of CPU time on a Sun Sparc station 600.) All the \essentially distinct" (n 2)-sequences for n 10 found by computer are explicitly shown in (mod p): (2) Since q i < n for all i, w e conclude that a i is the unique integer satisfying (2) for which t h e i n teger part of a i =n is r i . Consequently, i f ( a i a j ) is a comparable pair then r i = ba i =nc = ba j =nc = r j , and hence, kai = kaj i=j (mod p). Now suppose (a s a s+d ) and (a t a t+d ) are two comparable pairs where 1 s < Since 0 < d < k n = p ; 1 and 1 s 6 = t kn, w e h a ve a contradiction.
With the prime p = 13 and Theorem 2.1 one can construct these sequences with the parameters (12 1), (6 2), (4 3), (3 4), (2 6) and (1 12). The rst three of them (n k) = (12 1) a i = log 2 (i) 0 1 4 2 9 5 11 3 8 10 7 6 (n k) = ( 6 2) r i 0 1 0 0 1 1 1 1 0 0 1 0 q i 0 0 2 1 4 2 5 1 4 5 3 3 a i = q i + 6 r i 0 6 2 1 10 8 11 7 4 5 9 3 (n k) = ( 4 3) r i 0 1 1 2 0 2 2 0 2 1 1 0 q i 0 0 1 0 3 1 3 1 2 3 2 2 a i = q i + 4 r i 0 4 5 8 3 9 11 1 10 7 6 2 Lemma 2.1. Let N i , f o r i = 1 2 : : : n ; 1, b e the number of i's in the di erence (mod n) triangle of an (n k)-sequence fa j g, and let N = P n;1 i=1 N i . I f n is odd then N 1 + N n;1 = kn, N 2 + N n;2 = kn, : : : , and N (n;1)=2 + N (n+1)=2 = kn. I f n is even, then N 1 + N n;1 = kn, N 2 + N n;2 = kn, : : : , N n=2;1 + N n=2+1 = kn, a n d N n=2 = kn=2. I n b oth cases, we have N = kn(n ; 1)=2.
Proof. Since fa j g contains every residue mod kn exactly once, the residue i + 1 occurs either to the right o f i or to the left of i (not both) exactly once for all i. This gives N 1 + N n;1 = kn. Similarly, all the rest follow easily.
For the remaining part of this section we will con ne ourselves exclusively to the discussion of (n k = 2)-sequences. In this case, we h a ve N = n(n ; 1) from Lemma 2.1. In particular, we h a ve Corollary 2.1. Let p = 2 n + 1 be a prime, and fa i g be a n (n 2)-sequence determined by the construction in Theorem 2.1. In the di erence (mod n) triangle we have N i = n for i = 1 2 : : : n ; 1.
Proof. Suppose n is even, and hence p 1 (mod 4). We will show t h a t i n t h e di erence (mod n) triangle, for i = 1 2 : : : n = 2 ; 1, the di erence i occurs at some position if and only if the di erence n ; i occurs at the mirror position along the constant middle column which contains the di erence n=2 exactly n times. To show this, note that a i = ( 1 =2) log (i) n ; 1 i f i is a quadratic residue mod p and a i = ( 1 =2)(log (i) ; 1) + n n otherwise. Therefore, (a s+d ; a s ) + ( a p;s ; a p;s;d ) = n. Since N i + N n;i = 2 n, w e h a ve N i = N n;i = n for i = 1 2 : : : n = 2 ; 1. Since (a i a p;i ) is comparable for i = 1 2 : : : n , the middle column contains a p;i ; a i = ( 1 =2) log (;1) = n=2 exactly n times. This proves N n=2 = n. The case where n is odd can be proved similarly.
Lemma 2.2. Let a 1 a 2 : : : a 2n be a n (n 2)-sequence. For d = 1 2 : : : 2n;1 the number of comparable pairs of the form (a s a s+d ) must be l e s s t h a n n. Proof. In any r o w of the di erence triangle, the di erences must all be distinct mod n and zero cannot occur. Therefore, the number of comparable pairs in any r o w d must be n ; 1. Given an (n 2)-sequence fa i g of length 2n, l e t fb i g be the binary sequence of Corollary 2.2. Let a 1 a 2 : : : a 2n be a n (n 2)-sequence, b i = 0 if a i < n , a n d b i = 1 if a i n. Then, in the sequence o f b i 's, the total number R of runs is at least n+1and at most n+b(n+1)=2c. F urthermore, we have n;b(n+1)=2c C 1 n;1 and n ; 1 ; R 2 C 2 n ; 1.
Proof. To show the lower bound on R, calculate the number C 1 . Since there are R runs in the sequence fb j g if and only if there are R ; 1 incomparable adjacent pairs (b s b s+1 ), we h a ve C 1 = ( 2 n ; 1) ; (R ; 1) = 2n ; R. Using Lemma 2.2, we have n ; 1 C 1 = 2 n ; R, o r R n + 1 .
To s h o w the upper bound on R, estimate R in terms of R 2 in two di erent w ays.
The rst inequality, R 2n ; R 2 , follows from 2n ; R = P i 1 iR i ; P The sum of two inequalities, R 2n ; R 2 and R R 2 + n + 1 , i m p l i e s R n + ( n + 1 ) =2.
The bounds on C 1 and C 2 follow easily.
Corollary 2.3. Let p = 2 n+1be a prime, the binary sequence fb i g of length 2n be given by the \Legendre symbol." Then we have (1) C i n;1 for i = 1 2 : : : p ;2, (2) R = n + 1 , and hence (3) C 1 = n ; 1 and n ; 1 ; R 2 C 2 n ; 1.
Proof. The statement (1) is easily seen to be true by Theorem 2.1 and Lemma 2. 3. Transformations and computer searches When the computer search is to be done either to nd an example or to conclude that none exists, one problem is the time spent b y the computer to check exhaustively the validity of all possible candidates. To nd an e cient algorithm, one must nd all possible transformations which transform one sequence into another preserving the required properties. This gives a partition of the entire search space into disjoint subsets (usually called \equivalence classes"), and enables one to rule o u t a n e n tire class in the search s p a c e b y ruling out a single representative o f t h e class Gol61, R y s 6 3 ]. Therefore, it is important that the partition be done in such a w ay that each class contains as many possible search p o i n ts as possible. This will reduce drastically the number of candidates to be checked.
Suppose there exists an (n 2)-sequence a 1 a 2 : : : a 2n . Let a i be called of type A if 0 a i n ; 1, and of type B otherwise. We will describe a representative o f the \class" containing this sequence, which w e denote bŷ a 1 â 2 : : : â 2n , and which can be obtained by a c o m bination of the following ve operations, S A S B M R , and P, all of which preserve the required properties: S A (or S B ) i s t o a d d ( m o d n) some constant c to every term of type A (or, of type B, respectively) M is to multiply (mod n) some constant m times all the a i 's, where m is relatively prime to n R is to take the mirror image (reversal of the a i 's) P is to interchange type A and type B in fa i g by either adding n if a i < n or by subtracting n if a i n. N o t e that the operations S A S B , and M must take their values from the same range so that the result is of the same type as the original, and the operation P must take its values from the other range, so that the type is changed. It is easy to verify that all of the above transformations preserve the property that in the di erence triangle (mod n) the di erences of comparable pairs having the same distance are all distinct (mod n).
We m a y assume that a 1 is of type A without loss of generality. (Otherwise, use P to make the rst term of type A.) Subtract a 1 (mod n) from every term of type A. I f j is the smallest subscript for which a j is of type B, then subtract a j (mod n) f r o m e v ery term of type B. This givesâ 1 = 0 andâ j = n. N o w, let i > 1 b e t h e smallest subscript for which a i is of type A. W e know that 1 a i n ; 1 since a 1 = 0 a n d i > 1. By Lemma 3.1 there exists m such t h a t ( 1 ) m is relatively prime to n, and (2) a i m (mod n) in the range from 1 to n;1 is a divisor of n. Therefore, by m ultiplying such m times every term, we obtainâ i = d where d is a divisor of n such that 1 d < n .
Lemma 3.1. Let U be the multiplicative group mod n, and let dU = fdmjm 2 Ug Let w 2 (n) be the number of \essentially distinct" (n 2)-sequences, where two sequences are not essentially distinct if one can be transformed into another by the above transformations. The exact value of w 2 (n) f o r 1 n 10 is shown in Table 1. 4. Applications of (n k)-sequences An application of (n k)-sequences is to construct n kn Vatican arrays such that the columns are cyclic shifts of cn cn + 1 c n + 2 : : : (c + 1 ) n ; 1 for some c.
Recall the de nitions of \Florentine array" and \Vatican array" of size n kn in the Introduction.
Theorem 4.1. Assume there exists an (n k)-sequence a 1 a 2 : : : a kn . T h e n t h e r e exists an n kn Vatican array. (Hence, there exists an n (kn + 1 ) Florentine array by adjoining a constant column of \asterisks.") Proof. Let V = ( v(i j)) denote an n kn matrix where i = 0 1 : : : n ; 1 a n d j = 0 1 : : : k n ; 1 a r e r o w and column indices respectively. P u t a 1 a 2 : : : a kn in the top row o f V , and ll column j of V using a cyclic shift of cn cn+1 : : : (c+1)n;1 where c = ba j =nc is the integer part of a j =n. Observe that a ; x and a ; y are comparable, and so are b;x and b; y. T h us, we h a ve a t ;a s = ( a;y) ;(a;x) x;y a t+d ;a s+d (mod n), a contradiction.
In Song91] a function F(n) is de ned to be the maximum number such t h a t a n F (n) n Florentine array exists, and its possible values for 1 n 32 are listed in a table. Among these values, F (14), F (15) and F (21) are improved so that we n o w know F(14) 7, F(15) 7, and F(21) 7. The rst two are from the examples of (7 2)-sequences explicitly shown in Table 1 . F(21) 7 is from the (7 3)-sequence found by computer (about 1 day of CPU time), which is the top row o f t h e 7 21 Vatican array s h o wn in Fig. 6 . 
Conjectures and Open Problems
The conjecture that an (n 2)-sequence might exist for each of the positive i ntegers n 1 turned out to be false by exhaustive search for the case n = 10. It took about 100 hours of CPU time on a Sun Sparc station 600 to conclude that no (10 2)-sequence exists.
Two examples of sequences with parameters (7 2) and (7 3) shown in Table 1 and Fig. 6 suggest that a (7 k )-sequence might exist for each positive i n teger k > 1. Furthermore, we h a ve t h e Conjecture A. Whenever p > 2 is a prime there e x i s t s a t l e ast one (p k)-sequence of length kp for each positive integer k > 1. This turned out to be true for p = 5 a n d 1 < k 6, and for p = 3 a n d 1 < k 10. The proposed algorithm of exhaustively searching for (n 2)-sequences described in Section 3 is most e cient for the case when n = p is a prime, since in this case there is only one divisor d of p such t h a t 1 d < p , namely d = 1 , a n d h e n c e three terms of the candidate can be xed at the beginning stage of the search. We believe a little further improvement of this algorithm would reach the case n = 1 3 .
For the application to the construction of Vatican/Florentine arrays of size n kn, w e note that the truth of the above conjecture will show t h a t F(n) p and F (n + 1 ) p for all n > 1, where p is any prime factor of n such that p < n , and where F(n) is the maximum number such that an F (n) n Florentine array exists. This could be a major breakthrough in determining the values of F (n). The current state of knowledge is that F(n) 4 for n 32, F(n) 6 f o r 6 n 31, and p ; 1 F(n) n for all n > 1 where p is the smallest prime factor of n.
Future work will be done to determine the values of N i 's of (n k)-sequences (following Lemma 2.1 and Cor. 2.1), and also to determine the values of C i and R i of \binary patterns (sequences)" of (n 2)-sequences (following Lemma 2.2, Cor. 2.2 and Cor. 2.3), since this will directly give t h e v alues of \non-periodic" autocorrelation values for these sequences. To be speci c, let b i = 1 ( o r b i = ;1, resp.) if a i < n (or a i n, resp.), and ( ) be its non-periodic correlation function de ned by b ( ) = 
